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Introduction
Reducible flowgraphs are digraphs that model the control flow of structured computer programs. Determining paths in flowgraphs, in the usual graph theoretical sense, is closely related to identifying constrained paths for program testing and validation. Under this motivation, several path problems have already been studied. Gabow, Maheshwari and Osterweil [3] show an efficient algorithm to solve the multiple node constrained path problem; they also show that the impossible pairs constrained path problem is NPcomplete, even for an acyclic digraph. Related to impossible pairs is the notion of must pairs; Ntafos and Hakimi [7, 81 show that finding a path that does not violate any must pairs is an NP-complete problem, even for acyclic D-structured flowgraphs. Recently, dynamic algorithms have been developed for reducible flowgraphs.
[9] and [ I ] have solved the problem of incrementally maintaining the dominator tree of a reducible flowgraph under edge insertions and deletions.
In this paper we discuss hamiltonian problems for reducible flowgraphs. The main result is finding, if it exists, the hamiltonian cycle of a reducible flowgraph; we prove that this cycle is unique. In order to obtain this result two other related problems are solved: the hamiltonian path in which the starting point is the source of the flowgraph and the hamiltonian cycle, given the hamiltonian path. All the problems studied here are known to be NP-complete for general digraphs [2] In section 2 we present the background concepts needed. Section 3 presents a linear algorithm for finding the hamiltonian path starting at the source vertex of a reducible flowgraph; section 4 shows the solution, also in linear time, for the hamiltonian cycle problem in reducible flowgraphs.
Background and Notation
A digraph is a pair of finite sets Aflowgraph is a triple G = (V, E, s), where (V, E) is a digraph, s E V is a distinguished source vertex, and there is a path from s to every other vertex in V. A directed rooted tree is a flowgraph T = (V, E, r) with IEl = IVl -1. A flowgraph can be traversed according to predefined rules, such as those of a depth first search (DFS). DFS can be implemented as a recursive procedure that automatically maintains a search path stack. Vertices are numbered according to the order in which they are stacked 0-8186-8052-0/97 $10.00 0 1997 IEEE (dfsin(v) , Vv E v> and unstacked (dfsout(v) , Vv E V) during the search.
As a result of performing a DFS on a flowgraph starting at the source vertex, the set of edges is divided into four disjoint subsets, the tree, forwurd, buck and cross edges, respectively. The set of tree edges determines a directed tree rooted at s, called a depth first tree. A description of DFS can be found in [6] , for instance.
Let G = (V, E, s) be a flowgraph and B, the set of back edges resulting from a DFS on G. The acyclic spanning of its vertices such that V(v, w ) E E, ~( v ) < ~( w ) . An O( IEl)-time algorithm for finding this ordering is to carry out a depth first search and sort the vertices in decreasing order as they are unstacked from the search path stack (i.e., ~( v )
A flowgraph G is supposed to be represented through its set of adjacency lists AG(v) = { w I (v, w) E E 1, one for e a c h v E V.
The Hamiltoniain Path
The first problem that we consider is to find a hamiltonian path starting at the source vertex s of a reducible flowgraph G = (V, E, s). Some results must be presented: Lemma 1. Let 'dv E V , is the same, no matter the depth first tree.
Proof
As the hamiltonian path lies on DAG(G), this dag admits a unique topological ordering z, where z corresponds to the position of vertex v in the hamiltonian path. Thus dfsout(v) does not depend on the depth first
By lemmas 1, 2 and 3, we are able to present a linear algorithm to determine whether a reducible flowgraph G = (V, E, s) has a hamiltonian path starting at the source vertex s. It is sufficient to verify whether DAG(G) has such a path. Thc main steps arc: stcp 1 : computc a topological numbering z for the vcrtices of DAG(G). Steps 1 and 2 may be performed simultaneously during a DFS on G, based on the computation of dfsout(v), v E V (section 1). As no new computations are added, the algorithm complexity is the same of the depth first search for connected digraphs, O(IEI). 
The Hamiltonian Cycle
For a general digraph D = (V, E) 
Conclusions
When dealing with paths in flowgraphs, the source vertex is often given an special treatment. This fact motivated the solution of the hamiltonian path problem for reducible flowgraphs starting at the source vertex. As it happens this path is shown to have two important properties: if it exists, it is unique and can be determined in linear time; furthermore, the knowledge of this path leads to the solution, also in linear time, of the hamiltonian cycle problem.
